Abstract. We show that while the length ω iterated ultrapower by a normal ultrafilter is a Boolean ultrapower by the Boolean algebra of Příkrý forcing, it is consistent that no iteration of length greater than ω (of the same ultrafilter and its images) is a Boolean ultrapower. For longer iterations, where different ultrafilters are used, this is possible, though, and we give Magidor forcing and a generalization of Příkrý forcing as examples. We refer to the discovery that the intersection of the finite iterates of the universe by a normal measure is the same as the generic extension of the direct limit model by the critical sequence as the Bukovský-Dehornoy phenomenon, and we develop a sufficient criterion (the existence of a simple skeleton) for when a version of this phenomenon holds in the context of Boolean ultrapowers. Assuming that the canonical generic filter over the Boolean ultrapower model has what we call a continuous representation, we show that the Boolean model consists precisely of those members of the intersection model that have continuously and eventually uniformly represented codes.
Introduction
There are two conspicuous features of Příkrý forcing ( [12] ) that we want to elucidate in this paper. Let µ be a normal measure on the measurable cardinal κ, and let P = P µ be Příkrý forcing with respect to that measure. Then (1) if one iterates the measure µ through the natural numbers, then the critical sequence is generic over the limit model for that model's version of the Příkrý forcing, (2) the intersection of the finite iterates is the generic extension of the limit model by the critical sequence. We analyze these features through the lens of Boolean ultrapowers. Our initial observation regarding 1. was the rediscovery of a fact that was already observed by Bukovský in [2] , namely that the limit model can be realized as the Boolean ultrapower of the universe by the ultrafilter on the Boolean algebra of Příkrý forcing which results from pulling back the generic filter over the limit model that is generated by the critical sequence. It is very natural to think that this should be the case, because a Boolean ultrapower always comes with a filter that is generic over the model produced. Letting B be the Boolean algebra and U the ultrafilter on it, we write j : V −→V U for the Boolean ultrapower and the elementary embedding. We will mostly be interested in the case where it is well-founded, and in that case, we takeV U to be transitive. The modelV U sits inside the model V B /U , the full Boolean model. So in our notation, V B /U consists of the equivalence classes [σ] U of B-names σ, with respect to the equivalence relation ∼ defined by letting σ ∼ τ iff the Boolean value σ = τ ∈ U . The structure V B /U is equipped with a pseudo epsilon relation E, where [σ] U E[τ ] U iff σ ∈ τ ∈ U . Again, in the case we are mostly interested in, E is well-founded and extensional, so we can take (V B /U, E) to be transitive, and E becomes the ∈ relation. There is a special element in V B /U , namely G = [Ġ] U , whereĠ is the canonical name for the generic filter. The filter G is generic over the inner model of V B /U which consists only of the equivalence classes of those names σ with σ ∈V ∈ U . This is the Boolean ultrapower of V by U , and we writeV U for this model. There is an obvious elementary embedding from V toV U , the Boolean ultrapower map defined by j(x) = [x] U . Then G is j(B)-generic overV U , andV U [G] = V B /U . An in-depth exploration of this construction is undertaken in [8] , and we will refer to this paper frequently and use the terminology used there.
There are other forcing notions that are "accompanied" by an appropriate iteration, in the sense that the critical sequence is generic over the limit model for the limit model's version of the forcing itself, and it is natural to expect the same situation to arise again: the limit model can be realized as a single Boolean ultrapower, and the forcing extension is the corresponding Boolean model. We show in Section 2 that this occurs in the case of Příkrý forcing, Magidor forcing and a generalization of Příkrý forcing. We also show that it is consistent that no longer iterations of one measure can be realized as a single Boolean ultrapower.
Regarding 2., there is an enticing scenario for a connection to Boolean ultrapowers. The Boolean ultrapower can be regarded as a direct limit of models M A , indexed by maximal antichains in B. The model M A is the ultrapower of V by the ultrafilter U A on A which consists of those subsets X of A whose join is in U . If B refines A, then there is an embedding π A,B : M A −→ M B , and the maximal antichains are directed under refinement. The Boolean ultrapowerV U is the direct limit of these models and embeddings. So the Boolean ultrapower naturally is situated inside a forcing extension of itself, and it comes with a directed system of models whose limit it is. The question is whether the phenomenon in 2., which we call the Bukovský-Dehornoy phenomenon, holds in greater generality. That is, under which circumstances is the Boolean model V B /U (which is the same as the forcing extensionV U [G] ) equal to the intersection of the models M A ? We investigate this in Section 3. We develop a sufficient criterion there: the existence of a simple skeleton. We also develop a version of this phenomenon that applies to ill-founded Boolean ultrapowers. A simple skeleton consists of a directed collection A of maximal antichains of B that generates the limit model, such that each A ∈ A is simple, meaning that π −1 A,∞ "G ∈ M A , and satisfies the smallness assumption that j"A ∈ V B /U . In Section 4, we develop the concept of continuous, eventually uniform representations, resulting, among other things, in a sufficient criterion for when the Bukovský-Dehornoy phenomenon holds, without a smallness assumption, but with a slightly strengthened simplicity assumption.
Here is an overview of notations and facts around the Boolean ultrapower construction we use. For more information, we refer to [8] .
(1) V B /U is the model of equivalence classes of B-names, according to the equivalence relation which identifies two B-names σ and τ if the Boolean value σ = τ belongs to U . This model is equipped with a pseudo-epsilon relation E, according to which [σ] U E[τ ] U holds iff σ ∈ τ ∈ U .
(2)V U is the Boolean ultrapower of V by U . It can be viewed as a submodel of V B /U , and consists only of the equivalence classes of names σ such that σ ∈V ∈ U . Note that the class of such names is much richer than just names of the formx, since it includes mixtures of such names, and if U is not generic, then these mixtures will not be equivalent to anyx. The model consisting only of equivalence classes of names of the latter form would clearly be isomorphic to V itself! (3) There is a canonical embedding j : V −→V U , defined by j(x) = [x] U . To indicate that j is that particular embedding, we may write
A /U A is the ultrapower of V by U A , and π 0,A : V −→ UA V A is the ultrapower embedding. Even though U is not mentioned in the notation M A , it will be clear from the context which ultrafilter is used.
As usual, if (V B /U, E) is well-founded, which we assume below, then we take it to be transitive.
exactly one condition which we denote by
These maximal antichains are ordered by refinement: B ≤ * A if B refines A, meaning that for every b ∈ B, there is an a ∈ A (which is unique) such that b ≤ a. This partial ordering makes the collection of maximal antichains of B a (downward) directed partial order, and there are canonical embeddings π A,B : M A −→ M B which make this collection of ultrapowers and embeddings a directed system. Denote the direct limit embeddings by
Otherwise, our notation should be standard. It may be worth pointing out that in the context of a partial order P, ≤ , for p, q ∈ P, we write p||q to express that p and q are compatible, meaning that there is an r ∈ P with r ≤ p and r ≤ q. If the partial order is a Boolean algebra B, then we often tacitly work with B \ {0}. So in that case, p||q would mean p ∧ q = 0, and an antichain in B is really an antichain in B \ {0}. Similarly, p ⊥ q means that p and q are incompatible. In the context of forcing, the symbol || is used with a different meaning: if ϕ is a formula in the forcing language of P, and p is a condition in P, then p||ϕ means that p decides ϕ, that is, either p forces ϕ, or p forces ¬ϕ.
The paper is organized as follows. In Section 2, we give three examples of canonical iterated ultrapowers that can be presented as single Boolean ultrapowers. The Boolean algebras here are those associated to Příkrý forcing, Magidor forcing and generalized Příkrý forcing. We also give a lower bound for the consistency strength of the assumption that an iterated ultrapower by one normal ultrafilter and its images of length greater than ω can be presented as a single Boolean ultrapower. In Section 3, we develop a sufficient criterion for when the Bukovský-Dehornoy phenomenon holds, that is, that the intersection model is equal to the Boolean model: the existence of a simple skeleton. Finally, in Section 4, we develop the theory of continuous, eventually uniform representations, in order to describe the part of the intersection model that makes up the Boolean model, if the canonical generic filter [Ġ] U is uniformly represented.
Iterated ultrapowers as single Boolean ultrapowers
In this section, we will show three instances where iterated ultrapowers can be described as single Boolean ultrapowers. These forcing notions/Boolean algebras used will be used throughout the remainder of the paper.
2.1. Příkrý forcing and the ω-th iterate of a normal measure. Let µ be a normal measure on κ, and let (M n | n < ω) be the iterates of V by that measure, and let π m,n : M m −→ M n be the canonical embeddings. Let's also set µ n = π 0,n (µ) and κ n = j 0,n (κ). So we have M 0 = V, κ 0 = κ, µ 0 = µ, and for every n < ω, π n,n+1 : M n −→ µn M n+1 is the ultrapower embedding from M n into its ultrapower M n+1 by µ n , which is a normal measure in the sense of M n+1 on κ n . Let M ω be the direct limit of this system of embeddings, with direct limit embeddings π n,ω : M n −→ M ω , and let κ ω = j 0,ω (κ 0 ) (so κ ω = sup n<ω κ n ), and let µ ω = π 0,ω (µ).
There are well-known yet still fascinating connections between Příkrý forcing and this system of embeddings. Let's write P µ for Příkrý forcing with respect to the fixed normal measure µ.
(2) The model n<ω M n is the forcing extension of M ω by that sequence:
The first fact is due to Solovay, relying on a characterization of Příkrý-generic sequences due to Mathias [10] . The formulation is a little sloppy, and since we need to be more precise later, let's clarify right now that the sequence κ gives rise to a filter G κ on j 0,ω (P µ ) that's defined by G κ = { κ↾n, A | A ∈ µ ω , for i < n, κ i < min(A), and for all i ∈ [n, ω), κ i ∈ A}, and it is this filter that is claimed to be generic in 1. above.
The second connection is due to Bukovský and Dehornoy, independently, and we shall explore in the next section how it can be generalized to the realm of Boolean ultrapowers.
There is another fascinating and less well-known connection that was originally observed by Bukovsky in [2] , and that we rediscovered. Let us denote the Boolean algebra of the Příkrý forcing P µ by B µ , and let G Theorem 2.2 (Bukovský, [2] ). The ω-th iterate M ω of V by the normal measure µ on κ is the Boolean ultrapower of V by the canonical ultrafilter U on the Boolean algebra B := B µ of Příkrý forcing with respect to µ, and the iterated ultrapower embedding j 0,ω is the same as the Boolean ultrapower embedding j U .
Proof. In order to apply the previous theorem with j = π 0,ω ,V = M ω and F = G * κ , it needs only to be checked that every member of M ω has the form π 0,ω (f )(b A ), for some maximal antichain A ⊆ B and f : A −→ V, where b A is defined as in the theorem we are about to apply.
To see this, let x ∈ M ω be given. Let x = π 0,ω (f )(κ 0 , . . . , κ n−1 ), where f ∈ V is a function whose domain is the set of increasing length n sequences of ordinals less than κ. For notational simplicity, construe P µ as a dense subset of B. If s is a finite increasing sequence of ordinals less than κ, then let s * = s, κ \ lub(ran(s)) ∈ P µ (so s * is the weakest condition with first coordinate s). Let
Obviously, A n is an antichain. It is also maximal in P, and hence in B, since P is dense in B: Let t, S ∈ P µ be given. If |t| ≥ n, then t, S ≤ t↾n, κ \ lub(ran(t)) . If |t| < n, then t can be extended to an increasing sequence t ′ of length n by appending the next n − |t| elements of S to t. Clearly then, t ′ , S \ lub(ran(t ′ )) is a common extension of t, S and (t ′ ) * . So in both cases, we found a condition in A n compatible with t, S .
It is obvious now that b An = κ 0 , . . . , κ n−1 * , where we ambiguously use the notation t * in the context of j 0,ω (P µ ) with the obvious meaning. So if we define
This shows that the theorem quoted above can be applied, completing the proof.
Longer iterations.
In this section, we will see two examples of iterations of transfinite length that can be realized as single Boolean ultrapowers. First, let us point out some limitations, though.
A limitation.
In the following theorem, we use the usual notation for the Mitchell order on normal ultrafilters. If µ and ν are normal ultrafilters on κ, then µ is less than ν in the Mitchell order if µ belongs to the transitivized ultrapower of V by ν. It is well-known that this order is well-founded. If ρ is the rank function on the set of normal ultrafilters on κ, then the range of ρ is the order of κ, denoted o(κ), and the order of a normal ultrafilter µ on κ is ρ(µ), denoted o(µ).
Theorem 2.3. If there is a measurable cardinal κ and an α > ω such that the α-th iterate of V by a normal ultrafilter µ on κ is a Boolean ultrapower of V, then there is an inner model N with a measurable cardinal κ
Proof. Note that we are only assuming that the α-th iterate of V by µ, as a model, is a Boolean ultrapower, and not necessarily that the embedding from V into that iterate is a Boolean ultrapower embedding. Let's assume that there is no inner model N with a measurable cardinal
++ , because otherwise, we're done. Let K be the core model. Then by a result of Mitchell [11] , every countably complete K-ultrafilter is in K (where countable completeness here means that the intersection of countably many measure 1 sets is nonempty). Now let µ be a normal ultrafilter on κ, and let M i | i ≤ α be the iteration of V by µ, with embeddings
. Also, let B be a complete Boolean algebra, U an ultrafilter on B, and let
is ω-closed in V (and much more, of course, but this is all we need). Let κ γ | γ < α be the sequence of critical points of the iteration, and let C = {κ n | n < ω}. Then C ∈ M α [G] , by the closure. Clearly, for any A ⊆ κ ω with A ∈ M ω , we have that A ∈ µ ω iff C \ A is finite.
Mα as a parameter, and so, µ ω ∈ M α [G] . So, since µ ω ⊆ M α , this means that there is a minimal model of ZFC, M α [µ ω ], that contains M α ∪ {µ ω }, and this model is a forcing extension of
Using the result of Mitchell quoted above in
-ultrafilter, we can conclude that this filter is in
. By the forcing-absoluteness of the core model,
Let us now forget about the iteration and write π = π 0,1 and M = M 1 . So we have
we show by induction that A δ ∈ µ. The case δ = 0 is trivial, and the limit case is also clear, since in that case,
which means that A δ ∈ µ, by normality of µ. Applying Mitchell's result in V yields, of course, that µ ∩ K ∈ K, and clearly,
In order to formulate another similar restriction, let's say that a cardinal κ is absolutely the least measurable cardinal if κ is measurable and there is no poset P that forces that there is a smaller measurable cardinal. Note that every model with a measurable cardinal has a forcing extension with an absolutely least measurable cardinal. It is understood that when writing "forcing", we refer to "set forcing", unless we specifically write "class forcing." Theorem 2.4. If κ is absolutely the least measurable cardinal, then for any α > ω, the α-th iterate of V by a normal ultrafilter on κ is not a Boolean ultrapower of V.
Proof. Using the notation of the proof of the previous theorem, and using the same reasoning, it follows that µ ω is a normal ultrafilter in
As κ is absolutely the least measurable cardinal in V, and since this is a first order property, it follows that κ α is absolutely the least measurable cardinal in
is a forcing extension of M α in which κ ω , a cardinal less than κ α , is measurable. This is a contradiction.
Magidor Forcing.
On the positive side, Magidor forcing allows for examples of long iterations in which the critical point of the next normal ultrafilter applied is the image of the previous one: Let U γ | γ < α be a sequence of normal ultrafilters on κ > α, increasing in the Mitchell order, and let
be the Magidor forcing associated to U and f .
Theorem 2.5 ([7]
, [4] ). The sequence κ γ | γ < α is a Magidor sequence over M α , that is, it gives rise to a filter G κ which is generic over M α for the forcing π 0,α (M).
Let M * be the complete Boolean algebra of M, and let G * κ be the ultrafilter in π 0,α (M * ) generated by G κ .
Theorem 2.6. M α is the Boolean ultrapower of V by the ultrafilter F = (π
We again want to use Theorem 2.1 (that is, [8, Theorem 38] ). As in the proof of the corresponding theorem for Příkrý forcing, let's construe M * to have M as a dense subset. For every finite subset a of α, let I a be the collection of s with domain a such that there is a T with s, T ∈ M. Note that if s ∈ I a , then there is a weakest T witnessing this, call it T s (for ξ < min(a),
It is now easy to see that A a is a maximal antichain in M. Clearly, it is an antichain. To see that it is maximal, we have to show that any condition r, S in M is compatible with some condition in A a . First, it is clear that there is a condition r ′ , S ′ ≤ r, S with a ⊆ dom(r ′ ) -this follows from [9, Lemma 3.2] . But clearly then, s := r ′ ↾a ∈ I a , and so, r ′ , S ′ ≤ s, T s and r ′ , S ′ ≤ r, S . So r, S is compatible with s, T s ∈ A a . So A a is a maximal antichain in M, and hence in M * , as M is dense in M * . To see that the assumptions of Theorem 2.1 are satisfied,
Clearly, b Aa , the unique condition in j(A a ) whose first component has domain a and which belongs to the generic filter corresponding to the critical sequence, must be κ↾a, T κ↾a . So j(f * )(b Aa ) = j(f )( κ↾a) = x. The claim now follows from Theorem 2.1.
Generalized Příkrý Forcing.
Another example where long iterations can be realized as single Boolean ultrapowers is a generalization of Příkrý forcing that was analyzed in great detail in [6] . The starting point for such forcing notions is a discrete set of measurable cardinals D, with monotone enumeration κ = κ i | i < α and order type α, a corresponding sequence U = U i | i < α such that U i is a normal ultrafilter on κ i , and a sequence η i | i < α of ordinals in [1, ω] . The forcing P = P U, η will add a set of ordinals of order type η i below κ i , for each i < α. In case η i = ω, that set will be cofinal in κ i , so that the cofinality of κ i will become ω. If η i < ω, then the cofinality of κ i will remain unchanged. Conditions in P are pairs s, T , where s is a function whose domain is a finite subset of α, and for every i ∈ dom(s), s(i) ⊆ κ i \ sup j<i κ j is finite and has size in [1, η i ]. By convention, s(i) is taken to be ∅ if i / ∈ dom(s), and similarly for T (i). The domain of the function T consists of all i < α with |s(i)| < 1 + η i , and
The ordering is defined in the natural way:
Here, we will focus on the case that η i = 1, for all i < α, to simplify the notation -everything should go through in the general setting as well. So we will suppress any mention of η.
In [6] , an iterated ultrapower, called the imitation of P, was constructed. In the special case where η i = 1, the construction proceeds as follows. We start with the model M 0 = V, π 0,0 = id. If M i has been constructed already, together with embeddings π γ,δ , for γ ≤ δ ≤ i, then we let
be the ultrapower embedding by W i = π 0,i ( U ) i , where M i+1 is transitive. Then, as usual, for γ < i, we let π γ,i+1 = π i,i+1 π γ,i . At limit λ, we let M λ , together with the embeddings π γ,λ , for γ < λ, be the transitivized direct limit of the system constructed thus far. We carry out this construction until a point is reached at which W i is undefined, that is, a point at which i = π 0,i (α). Let us writeα for that point, so Mα is the last model in the imitation iteration of P. Let us also write λ i = π 0,i ( κ) i . So this is the critical point of π i,i+1 ; it is the measurable cardinal (in the sense of M i ) that W i lives on. It will also be a useful shorthand to write α i for π 0,i (α). Soα = αα, andα is least with that property. The main fact on the imitation iteration of P that we need here is the following corollary (adapted to the special case η i = 1):
Theorem 2.7 ([6, Corollary 2]). The sequence λ i | i <α of critical points of the imitation of P gives rise to an Mα-generic filter on π 0,α (P).
The proof of this theorem makes use of a Mathias-like characterization of genericity of generalized Příkrý sequences, which says, again in our special case (but there is a general version) that a sequence γ i | i < α with γ i ∈ [sup j<i κ j , κ i ) for all i < α is generic over V if for every sequence X i | i < α in V such that X i ∈ U i for all i, γ i ∈ X i for all but at most finitely many i < α (see [6, Theorem 1] ). Knowing this characterization, it is straightforward to check that Theorem 2.7 holds, that is, that the critical sequence is generic over the limit model.
One can do a product analysis of generalized Příkrý forcing in the obvious way. For i ≤ j ≤ α and a condition p = s, T ∈ P, write p↾[i, j) for s↾[i, j), T ↾[i, j) , and let P↾[i, j) = {p↾[i, j) | p ∈ P}, equipped with the obvious ordering. Then,
. Of course, P↾[i, j) can itself be viewed as a generalized Příkrý forcing (by shifting the index set [i, j) to [0, j − i)), and so, it makes sense to refer to the imitation iteration of P↾[i, j).
The goal is to show that the embedding π 0,α : V −→ Mα is the Boolean ultrapower embedding from V into its Boolean ultrapowerV U , where U is the pullback of the π 0,α (P)-generic filter generated over Mα by the critical sequence. This is less obvious in the present case than it was in the case of Příkrý forcing or Magidor forcing. We will approach the full result in a few smaller steps.
Of course, α can not be greater than θ. In the following, let us fix P and its imitation iteration with models M i | i ≤α and embeddings π i,j | i ≤ j ≤α . Let B be the Boolean algebra of P. Let G λ be the filter on π 0,α (B) generated by λ over Mα, and let U = π
Proof. This is the case in which the argument proceeds very much as in the case of Příkrý or Magidor forcing. By Theorem 2.1, we have to show that every member a of Mα can be written as a = π 0,α (f )(b A ), for some maximal antichain A ⊆ P, where as before, b A is the unique element of the Mα-generic filter that belongs to π 0,α (A). Clearly, there is a function f such that a = π 0,α (f )(λ i0 , . . . , λ in−1 ), for some n < ω and i 0 < i 1 < . . . < i n−1 <α. Note that since P is short,α = α, W i = π 0,i (U i ) and λ i = π 0,i (κ i ). So we can let A be the maximal antichain in P consisting of all conditions s, T with dom(s) = {i 0 , . . . , i n−1 } and
And since s, T belongs to the filter generated by λ, it follows that s(
Let us now work our way towards the case that P is medium. The following is a technical lemma that will be useful. Lemma 2.10. Let a ∈ Mα, and suppose there is an i <α, an A ∈ M i which is a maximal antichain in π 0,
Note: The coordinate i can be read off of A, since i is the minimum of the union of the domains of s and T , for any s, T ∈ A. The notation b A then makes sense: it is the unique member of π i,α (A) that belongs to the filter on π i,α (P)↾[i,α) generated by λ j | i ≤ j <α , which is generic for that partial order over Mα. Note that the critical point of
Proof. Let j be least such that there is anÃ ∈ M j , such thatÃ is a maximal antichain in π 0,j (P)↾[j, α j ), and anf :
Fix suchÃ andf . We claim that j = 0. Clearly, there is such a j, and j ≤ i, as witnessed by A and f . If j is not 0, then j is either a successor or a limit ordinal. Case 1: j is a successor ordinal, say j = γ + 1.
Then A * is a maximal antichain in π 0,γ (P)↾[γ, α γ ): it is obvious that it is an antichain. To see that it is maximal, suppose s, T ∈ π 0,γ (P)↾[γ, α γ ) were incompatible with all members of A * . W.l.o.g., we may assume that γ ∈ dom(s). Let s(γ) = ξ. Then s, T ↾[γ + 1, α γ ) would be incompatible (with respect to π 0,γ (P)↾[γ + 1, α γ )) with all members of A ξ , which contradicts the maximality of A ξ .
We claim that π γ,α (f * )(b A * ) = a. To see this, let b A * = s, T . Since every member t, H ∈ A * has γ in its domain, the same is true for π γ,α (A * ). Since b A * belongs to the filter generated by λ ζ | γ ≤ ζ <α , it must be the case that s(γ) = λ γ . But this means that s, T ↾[γ + 1, π 0,α (α)) ∈ π γ,α ( A) λγ , because of the way A * was constructed from the
. This means that b A * ↾[γ + 1,α) = bÃ. By the way f * was defined, we get:
This contradicts the minimality of j = γ + 1. Case 2: j is a limit ordinal. Since M j is the direct limit of the earlier structures, there is a γ < j such that f andÃ are in the range of π γ,j . Letf ,Ā be the preimages. Since j is definable fromÃ, it follows that j is in the range of π γ,j as well. Letj = π −1 γ,j (j). It follows thatj ≥ γ, because ifj < γ, then since γ < λ γ = crit(π γ,j ), it would follow that j = π γ,j (j) =j < γ < j. So we have thatĀ ⊆ π 0,γ (P)↾[j, α γ ) is a maximal antichain, andf :Ā −→ M γ . We can now easily expandĀ to a maximal antichain A * in π 0,γ (P)↾[γ, α γ ) by setting
Similarly,f can be expanded to f * , so as to act on A * , so that f
It is straightforward to check that A * is a maximal antichain in π 0,γ (P)↾[γ, α γ ): it is clearly an antichain, and it is maximal because if s, T were incompatible with every member of A * , then since the conditions in A * are trivial belowj, it would follow that s, T ↾[j, α γ ) is incompatible with every member ofĀ, which would contradict the maximality ofĀ.
Of course, our next claim is that π γ,α (f * )(b A * ) = a. To see this, let s, T = bÃ. Let s, T ′ ∈ π 0,α (P)↾[γ,α) be defined by letting T ′ ↾[j,α) = T , and for ξ ∈ [γ, j),
, and s, T ′ belongs to the generic filter generated by λ ξ | γ ≤ ξ <α . So s, T ′ = b A * . Hence, b A * ↾[j,α) = bÃ, and so,
as desired. Again, we have reached a contradiction to the minimality of j. So the only possibility is that j = 0, and this proves the lemma.
Lemma 2.11. If P is medium, then j = π 0,α , Mα =V U , and
Proof. As in the proof of Lemma 2.9, we will use Theorem 2.1. So we have to show that every member a of Mα can be written as a = π 0,α (f )(b A ), for some maximal antichain A ⊆ P. So let a ∈ Mα be given. Since P is medium, there is a γ < α such that α < κ γ . Note that γ > 0, as P is medium, not short. So by elementarity, there is a γ <α = π 0,α (α) such that
This means that the forcing π 0,i (P)[i, α i ) is short (slightly abusing notation), where we again write α i for π 0,i (α). But notice that the tail of the iteration after i, M γ | i ≤ γ ≤α is the imitation of π 0,i (P)↾[i, α i ). So we can apply Lemma 2.9, and we get that a = π i,α (f )(b A ), for a maximal antichain A in π 0,i (P)↾[i, α i ) and a function f : A −→ M i , where f, A ∈ M i . But then Lemma 2.10 kicks in, telling us that there is a maximal antichain A * in P and a function f * :
Since a was an arbitrary member of Mα, this proves the lemma.
Lemma 2.12. If P is long, then j = π 0,α , Mα =V U , and
Proof. Let a ∈ Mα. According to Theorem 2.1 again, we have to find f * , A * such that A * is a maximal antichain in P, f * : A * −→ V, and a = π 0,α (f * )(b A * ). Since P is long,α is a limit ordinal, and so, there is an i <α and anā ∈ M i such that
But then, Lemma 2.10 implies that there are f * and A * with the desired properties.
Note that the proof of the previous lemma only made use of the fact that α is a limit ordinal under its assumption. Now, Lemmas 2.9, 2.11 and 2.12 yield:
Theorem 2.13. If P = P U, η is a generalized Příkrý forcing of length α, with η i = 1 for all i < α, B is the Boolean algebra of P and if M is the imitation iteration of P with embeddings π, and if U is the pullback of the filter on π 0,α (B) generated by the critical sequence, and j : V −→V U is the Boolean ultrapower, then
The result should hold without the restriction to the case where η i = 1 for all i < α. We made this assumption merely to keep the notation simple.
The Bukovský-Dehornoy Phenomenon, simple antichains and skeletons
It is by now a well-known fact that when one iterates a normal measure ω many times, and then intersects the finite iterates, the resulting model, let's call it the intersection model, is the generic extension of the direct limit by the Příkrý-generic filter generated by the critical sequence. The history of this fact is as follows: Bukovský showed that the intersection model is a generic extension of the direct limit model in [1] , but it was left open what forcing led from the direct limit model to the intersection model. Dehornoy then showed in [3] that the forcing is Příkrý forcing (and he showed much more general results in that paper). In [2] , Bukovský showed that the intersection model is the same as the Boolean model V B /U and that the direct limit model is the same asV U .
In this section, we investigate whether this phenomenon can be extended to the Boolean ultrapower setting, or whether Boolean ultrapowers can be used to explain it. The attractive scenario is that the models M A correspond to the finite iterates in the case of Příkrý forcing, the direct limit model corresponds toV U , the intersection model corresponds to the intersection of the models M A , and the generic extension of the direct limit model corresponds to V B /U . In short, the phenomenon we are interested in is
, this equation says it all, and if it holds, then we say that the Bukovský-Dehornoy phenomenon arises with U .
Recall that if A ⊆ B is a maximal antichain and we form M A , the ultrapower of V by the ultrafilter U A on A, then we denote the canonical embedding from V into M A by π 0,A , and the direct limit embedding is denoted π A,∞ : M A −→V U .
3.1.
A condition implying the Bukovský-Dehornoy phenomenon. Before continuing our analysis of situations when the Bukovský-Dehornoy phenomenon arises, let us note that it is not universal. The following was observed jointly by the first author and Joseph van Name.
Observation 3.1. If κ is a measurable cardinal such that 2 κ = κ + , then there is an ultrafilter U on the complete Boolean algebra B of Add(κ) such that the Bukovský-Dehornoy phenomenon fails for U .
Proof. This is a simple consequence of Corollary 81 in [8] . Letting µ be a normal ultrafilter on κ, that corollary says that under the assumptions of the observation, there is an ultrafilter U on B such that the Boolean ultrapower by U is equal to the ultrapower of V by µ, and the embeddings j U and j µ are equal. Now, if A is a maximal antichain in B, the embedding j U = j µ factors as j µ = π A,∞ • π 0,A .
Since µ is normal, and hence minimal in the Rudin-Keisler order on κ-complete ultrafilters, it follows that this factoring is trivial, i.e., one factor is the identity. Now it cannot be that for every maximal antichain, π 0,A is the identity, because then, it would follow that whenever B is a maximal antichain refining A, π A,B is the identity, because π 0,B = π A,B π 0,A . But then π A,∞ would have to be the identity as well, for every A, being the direct limit of this system. So, let A be a maximal antichain such that π 0,A is not the identity. Then π A,∞ is the identity, and so,
It follows easily that the intersection model is
We will explore failures of the Bukovský-Dehornoy phenomenon further in a future project. For now, the goal is to find criteria that ensure that it holds. It will be crucial to analyze when the embedding π A,∞ : M A −→V U is itself a Boolean ultrapower embedding. 
] GA , and thus shows that χ is well-defined. Replacing "τ = τ ′ " with any desired formula ϕ( τ ) in this argument shows now that χ is an elementary embedding.
Note: The above proof shows that whenever U ′ is an ultrafilter on π A (B) such that 
and we have to show that [h] UA ∈ G A . By definition of G A , this is equivalent to saying that
. But by definition of τ as mixing f , in V, for every a ∈ A, a ≤ τ = f (a) , so by elementarity of j, for every a ∈ j(A), a ≤ j(τ ) = j(f )(a)
. So, since also,
This shows that χ is onto. Let us now show part 2. Writing
we want to show that χ • π A,∞ = j ′ . Since χ is the identity, this implies that
by definition of χ. We want to show that this is the same as j ′ (x), which, in turn, is [x] GA . So we have to show:
To see this, first, observe that it is equivalent to
As in the previous proof, define h : A −→ B by
Since b A ∈ j(A) and j(mix(f )) mixes the (j(f )(a))ˇnames, it follows that
and since b A ∈ G, it follows that
This completes the proof. To see 3, we can use the fact that χ is onto, and argue:
For the converse, we can argue similarly:
For the remainder of this section, except for the subsection in the end, we will assume that V B /U is well-founded, and hence, we can take all the models M A , V B /U andV U to be transitive. Without this assumption, it does not make sense to consider the intersection A M A , for example, and so, taken literally, the Bukovský-Dehornoy phenomenon does not make sense. We will explore a version of the phenomenon for ill-founded ultrapowers in the subsection at the end of the present section.
Note that the embedding j MA,π0,A(B),GA (which is the same as the embedding We will often suppress the reference to the ultrafilter U used for the formation of the (Boolean) ultrapowers, but of course, the meaning of G A and M A depends on U . This is clearly the case if G A ∈ ran(π A,B ), and in that case, What we are aiming to show is that
If
or to determine under which conditions this is true. The previous corollary may be used for the direction from right to left, giving Lemma 3.7. If every maximal antichain A ⊆ B is simple, then
More generally,
Towards formulating a sufficient criterion for the other inclusion, we need the following definition.
Note that if δ = |A|, then j"A ∈ V B /U iff j"δ ∈ V B /U , and that is the case iff δ (V B /U ) ⊆ V B /U (for this last equivalence, see [8, Theorem 28] ). In particular, if δ ≤ crit(j), then j"A ∈ V B /U . We now show that the converse of Lemma 3.7 holds, assuming the existence of a simple skeleton. Theorem 3.9. If there is a simple skeleton A for B, U , then the Bukovský-Dehornoy phenomenon holds for the Boolean ultrapower of V by U. That is,
Proof. The direction from left to right follows from Corollary 3.6, since every A in A is simple.
For the converse, assume that the inclusion
It follows thatã ⊆ V B /U . Let γ be the rank ofã, and in V B /U , let f be a bijection between V γ and its cardinality. Let a = f "ã. We will show that a ∈ V B /U , which implies thatã ∈ V B /U as well, a contradiction.
1
To show that a ∈ V B /U , we are going to prove that a is definable from parameters in V B /U . First, fix A ∈ A. Since G A ∈ M A , the function π A,∞ is definable in M A , and so, the set a A := π
Now, let us consider the function A → f A and denote it by f , so
In V B /U , we can define the map B →b B , where B is a maximal antichain in j(B) with B ∈V U , andb B is the unique condition in B ∩ G. For this definition, G is needed as a parameter, so it can be carried out in V B /U , but not inV U . In the proof of the following claim, we will make use of the assumption that j"A ∈ V B /U .
( * ) α ∈ a iff there is an A ∈ j"A such that for all B ∈ j"A refining A,
Proof of ( * ). For the direction from left to right, assume that α ∈ a. PickĀ ∈ A so that α ∈ ran(πĀ ,∞ ). Let A = j(Ā). Then A witnesses the right hand side of ( * ), because if B refines A and is in j"A, then, lettingB = j −1 (B),B refinesĀ, and hence, α ∈ ran(πB ,∞ ). It follows thatᾱ = π
For the direction from right to left, let A be as in the claim. LetĀ = j −1 (A). Pick a refinementB ofĀ in A such that α ∈ ran(πB ,∞ ), which is possible, since A is a skeleton. By elementarity, B := j(B) refines A. So by our assumption, we have
This of course implies that α ∈ a, because, letting πB ,∞ (ᾱ) = α, we have that
The point is now that we can define a inside V B /U : it is
where B ≤ * A means that B is a refinement of A.
Hence, we get:
Theorem 3.10. Suppose U is an ultrafilter on B such that the Boolean ultrapower by U is well-founded. Suppose further that there is a simple skeleton for (B, U ).
The usual argument for reducing the claim to sets of ordinals does not apply, because while it is true that ifã ∈ M A , it can be coded by a set of ordinals in M A , the resulting sets of ordinals in other models M B may be different.
If further, every maximal antichain in B is simple, then
Proof. In both cases, the direction from left to right follows because if A is simple, then V B /U is contained in M A . For the direction from right to left, let A be a simple skeleton. By Theorem 3.9, it follows that
3.2. Bukovský-Dehornoy for ill-founded Boolean ultrapowers. The proof of Theorem 3.9 suggests a natural version of the Bukovský-Dehornoy phenomenon for ill-founded Boolean ultrapowers. Note that if the models M A are not wellfounded, and hence cannot be taken to be transitive, then it does not make sense to look at A M A . In order to formulate the version of Bukovský-Dehornoy for ill-founded models, we need a little bit of notation. If M = |M |, ∈ M is a model of set theory, where ∈ M is M 's interpretation of ∈, then any member a of M can be viewed as a subset a c of |M | by setting a c = {b ∈ |M | | M |= b ∈ a}. This is often referred to as the set coded by a. Let us write
So M c is the set of sets coded by members of |M |. In the context of ill-founded Boolean ultrapowers, a maximal antichain A ⊆ B is simple if
is coded in M A , and the version of Theorem 3.3 is as follows. be the Boolean ultrapower embedding,
In the context of ill-founded Boolean ultrapowers, the definition of a skeleton has to be modified in much the same way we had to modify the meaning of simplicity of a maximal antichain, so as to require that j"A be coded in V B /U , rather than just saying that j"A ∈ V B /U . Theorem 3.12. Suppose U is an ultrafilter on B that may give rise to an ill-founded ultrapower, and suppose there is a skeleton A for (B, U ). Then
The converse of this inclusion is equivalent to saying that A is simple. Moreover, if every maximal antichain is simple, then
It follows then as in the proof of 3.10 that a ′ codes a. For the second part of the theorem, first suppose that the reverse inclusion holds.
c is an element of the right hand side, it belongs to the set on the left hand side, which means that for every A ∈ A, π −1
Conversely, suppose that every A ∈ A is simple. We have to show that the reverse inclusion holds. So suppose x ⊆V U is coded in V B /U . Given A ∈ A, we have to show that π
c . Then we can define within M A the Boolean ultrapower of π 0,A (B) by g, and it will be the case that this ultrapower is isomorphic to (M A ) π0,A(B) /G A , so we will just take them to be equal. Let j ′ be the canonical embedding from M A into its ultrapower by G A (i.e., for a ∈ M A , j ′ (a) = b, where b is the member of M A such that M A thinks that b is the image of a under the ultrapower embedding). Let
Then what M A thinks is the pullback of the set coded by y, codes π −1 A,∞ "x. The above reasoning works for any simple maximal antichain, so the equality claimed in the theorem follows as well.
3.3.
Characterizing simplicity of antichains. Fixing a maximal antichain A ⊆ B, we want to understand better what it means for A to be simple, i.e., for G A to be in M A . As usual, we assume the Boolean ultrapower to be well-founded. We first analyze what it means for a function G = G a | a ∈ A to represent G A . That is, we want to characterize when [ G] 
Proof of (1). This is because b
Let us say that a function f : A −→ B such that for all a ∈ A, f (a) ≤ a, is a pressing down function, and let us fix such a function for now. Using the definition of G A , it follows that
where mixf is the result of mixing the names (f (a))ˇ, for a ∈ A, so that a ≤ mixf = (f (a))ˇ . But since f (a) ≤ a and A is an antichain, it follows that a = mixf = (f (a))ˇ . Since furthermore,
This latter statement is the case iff mixf ∈Ġ ∈ U . But
UA , it has to be the case for any pressing down function f : A −→ B that
This reasoning can be carried out in both directions, and so, we get the following characterization.
Lemma 3.13. If U ⊆ B is an ultrafilter that gives rise to a well-founded ultrapower, A ⊆ B is a maximal antichain and G = G a | a ∈ A is a function, then the following are equivalent:
is an ultrafilter on B} ∈ U A , and for every pressing down function f : A −→ B,
It is shown in [5] that if P is Příkrý forcing, Magidor forcing or the generalized Příkrý forcing, B is the Boolean algebra of P, j : V −→ M is the elementary embedding from the imitation iteration of P, and U is the pullback of the ultrafilter on j(B) generated by the critical sequence, then every maximal antichain in P is simple with respect to U . It is also show that in the case of Příkrý forcing, Magidor forcing and short generalized Příkrý forcing, there is a skeleton. It follows that in these cases, the Bukovský-Dehornoy phenomenon holds.
Continuous, eventually uniform representations
We would like to find a way to say something about the intersection model without assuming the existence of a skeleton. For the remainder of this section, let us fix a partial order P, its Boolean algebra B, and ultrafilter U on B such thatV U is well-founded, and let
The requirement in Theorem 3.9 that the set of generating maximal antichains have size at most the critical point of the Boolean ultrapower embedding is very restrictive (for example, it does not apply to medium or long generalized Příkrý forcing), but allows us to make the strong conclusion that V B /U = A M A . Asking that the maximal antichains be simple, on the other hand, seems like a very natural and not too restrictive condition.
We will now explore a strengthening of the simplicity of a set, thus arriving at the concept of a continuous, eventually uniform representation. This will enable us to develop another sufficient criterion for when a poset satisfies the Bukovský-Dehornoy phenomenon with respect to an ultrafilter on its Boolean algebra. We will also be able to state a general theorem characterizing exactly which part of the intersection model the model V B /U is made up of. As a motivation for the concepts to follow, suppose x ⊆V U is not only in every M A , but assume moreover that it is uniformly represented, in the following sense. Definition 4.1. A set x ⊆V U is uniformly represented by x = x p | p ∈ P with respect to the ultrafilter U on the Boolean algebra B of P if for every maximal antichain A ⊆ P,
A,∞ "x. In this case, x is called a uniform representation of x with respect to U . Let x be a uniform representation of x with respect to U . Fix a ∈V U . Let A ⊆ P be a maximal antichain such that a ∈ ran(π A,∞ ). Then
So a ∈ x iff a ∈ j( x) bA . The dependency on b A is what stands in our way and prevents us from turning this into a definition of x in V B /U . In the following, we will mostly focus on the intersection model A⊆P M A , and, accordingly, we will work with uniform representations indexed by members of P. The reader who wants to work with the Boolean algebra directly may just identify P and B in what follows. As usual, we assume that P is separative and has a maximal element, 1l.
It is an eventually uniform representation (wrt. U ) of x if there is a maximal antichain below which it is a uniform representation.
An eventually uniform representation x of a set x is continuous if for every y, and every p ∈ P, there is a q ≤ p such that for all r 1 , r 2 ≤ q, y ∈ x r1 iff y ∈ x r2 . If x ⊆ V B /U has a continuous, eventually uniform representation, then we just say that x is CEU. Since we fixed U for this section, we may drop the reference to it.
We will need the following simple observation. Then {f (a) | a ∈ A} is an antichain, and we can let B ⊇ {f (a) | a ∈ A} be a maximal antichain that refines A. We claim that b B ≤ p. To see this, note that
, and the latter is a maximal antichain in j(P). So q = j(f )(b A ) = b B , and q ≤ p.
Remark 4.4. It is not generally the case that every condition p in G is of the form b A , for some antichain A ⊆ P.
Proof. For example, in the case of Příkrý forcing, the condition p = ∅, [κ, j(κ)) is in G, but it cannot be of the form b A , where A ⊆ P is a maximal antichain, because if p ∈ j(A), then p is the unique member of j(A) that has empty first coordinate (since j(A) is an antichain in j(P) and any two conditions with the same first coordinate are compatible). But if j(A) has a unique element with empty first coordinate, then the same must be true of A. So then, p would have to be in the range of j, but this is impossible, since κ / ∈ ran(j).
4.1. Uses and existence of CEU representations. The following lemma shows that continuous, eventually uniform representations are useful. It shows that enhancing "x belongs to the intersection model" by "x has a continuous, eventually uniform representation" allows the conclusion that x is in V B /U .
Proof. Suppose x is a continuous uniform representation of x below A. We want to use j( x) to define x in V B /U , as follows:
z ∈ x ⇐⇒ ∃q ∈ j(P) ≤j(A) (q ∈ G and for all r ≤ q, z ∈ j( x) r ) To see that this defines x, let z be given. Since x is continuous, j( x) is continuous inV U . So, applying this to z, inV U , it is true that for every p ∈ j(P), there is a q ≤ p such that for all r 1 , r 2 ≤ q, z ∈ j( x) r1 iff z ∈ j( x) r2 . So the set of such q is dense in j(P). By genericity, there is such a q ∈ G.
If z ∈ x, then let B ≤ * A be such that z ∈ ran(π B,∞ ). Let π B,∞ (z) = z, sō z ∈ x B = [ x↾B] UB . Applying π B,∞ on both sides yields that z ∈ j( x) bB . But we can pick B so that b B ≤ q, by Observation 4.3. So this means that there is an r 1 ≤ q with z ∈ j( x) r1 , and so, this is true for all r 1 ≤ q.
On the other hand, assume z / ∈ x. We want to show that in this case, for all r ≤ q, z / ∈ j( x) r . By the choice of q, it would otherwise follow that for all r ≤ q, z ∈ j( x) r . But then, we can argue as above: let B ≤ * A be a maximal antichain with b B ≤ q and z ∈ ran B,∞ . Then z / ∈ j( x) bB , and b B ≤ q, a contradiction. So it must be that for all r ≤ q, z / ∈ j( x) r .
The obvious question is now whether it is reasonable to expect continuous, eventually uniform representations to exist. It is shown in [5] that in all the cases considered here, Příkrý forcing, Magidor forcing and generalized Příkrý forcing of any length, the canonical ultrafilter has a uniform representation, so let's view the assumption that G has a uniform representation as a reasonable one. Suppose x ∈ A M A . The question is whether it is reasonable to ask that x have a continuous, eventually uniform representation, in order to conclude that x ∈ V B /U , or whether this would be unduly restrictive. If what we ask of x is implied by x ∈ V B /U , then we are not asking too much. It turns out that it is not asking too much: every element of V B /U that is a subset ofV U has a continuous, eventually uniform representation, if G has a uniform representation! Lemma 4.6. If G is uniformly represented with respect to U , and if x ∈ V B /U with x ⊆V U , then x is CEU.
Proof. Fix a uniform representation G p | p ∈ P of G with respect to U . Viewing P as a subset of B, we may assume that for every p ∈ P, G p is an ultrafilter on . This means by Loś that the set X = {a ∈ A | G a is an ultrafilter on B with a ∈ G a } ∈ U A . For a ∈ X,
Gp , in the sense that h(p) = {y | y ∈ f (a) ∈ G p }, where a ∈ A is unique with p ≤ a. We claim that h is a continuous uniform representation of x below A. First, let's show that it is a uniform representation of x below A. Let B ≤ * A be a maximal antichain. We have to show that [h↾B] UB = x B . Since x B = π h↾B] UB ∈ G B , and applying π B,∞ as above, we get that (j(g)(b B ))ˇ/ ∈ẋ ∈ G, so that j(g)(b B ) / ∈ x. This proves the desired equivalence, and hence that h is a uniform representation of x.
To check that h is continuous, let y be given, and let p ∈ P. Wlog, let p ∈ P ≤A . Let a ∈ A be such that p ≤ a. By definition then, h(p) = {z | ž ∈ f (a) ∈ G p }. Consider y ∈ f (a) . If this is 0, then clearly, every extension r of p will have y / ∈ h(r). More generally if y ∈ f (a) is incompatible with p, then the same will be true for every extension r of p, because every such G r will have p ∈ G r , and so, y ∈ f (a) / ∈ G r . But if y ∈ f (a) is compatible with p, then we can pick q ≤ p, y ∈ f (a) , and as a result, for every r ≤ q, y ∈ f (a) ∈ G r , which implies that y ∈ h(r).
So h is a continuous uniform representation of x below A.
In particular, if G is uniformly represented, then it is continuously uniformly represented. Indeed, if G is a uniform representation of G such that for every p ∈ P, G p is an ultrafilter on B with p ∈ G p , then that representation is continuous.
In [5] , a sufficient criterion called the strong Příkrý property is given, that is in some sense equivalent to G being uniformly represented.
Theorem 4.7. Suppose G is uniformly represented with respect to U . Then for x ⊆V U , the following are equivalent:
(1) x is CEU wrt. U .
(2) x ∈ V B /U .
Proof. The implication from 2. to 1. is Lemma 4.6, and the implication from 1. to 2. is Lemma 4.5. For the converse direction, note that since G has a uniform representation, every maximal antichain is simple, and hence, V B /U ⊆ A M A , by Lemma 3.7. It suffices to prove the reverse inclusion for sets of ordinals, as in the proof of Theorem 3.9. But if a ∈ A M A is a set of ordinals, then a ⊆V U , and so, by 2, a has a continuous, eventually uniform representation, so by Lemma 4.5, a ∈ V B /U .
For the purpose of the following theorem, let us say that a binary relation a ⊆ On×On is a code for the set x if, letting b be the field of the a (i.e., the set of ordinals that occur as first or second coordinates of elements of a), b, a is extensional and well founded, and the Mostowski-collapse of b, a is TC({x}), ∈ .
This concept allows us to characterize V B /U as a modified intersection model. The result may be viewed as a generalization of the original Bukovský-Dehornoy phenomenon. For the inclusion from left to right, suppose x ∈ V B /U . Since V B /U is a model of ZFC, there is a code a for x in V B /U . By Lemma 4.6, a is CEU. Moreover, since G is uniformly represented, every maximal antichain is simple, and so, it follows that V B /U ⊆ A M A , by Lemma 3.7, as before. So x ∈ M A , for every maximal antichain A.
For the other direction, let a be a CEU code for x, where x ∈ A M A . By Theorem 4.7, a ∈ V B /U . But then, a can be decoded in V B /U , so that x ∈ V B /U .
